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Electro–Opto–Thermal Modeling of Threshold
Current Dependence on Temperature

D. S. Ellis, Student Member, IEEE,and Jimmy M. Xu,Senior Member, IEEE

Abstract—A self-consistent model of semiconductor quantum-
well (QW) lasers is presented and deployed here for the study
of threshold current dependence on temperature. The simulated
dependencies of threshold current-density on temperature and
cavity lengths agree well with experiments published by Evanset
al. Aided with detailed knowledge so obtained of each contributor
to the threshold current, attempts are made to gain insights into
the well-known Pankove and other newly proposed empirical
relations. The relative importance of the various mechanisms
are evaluated, and self-heating is shown as an important factor
determining the threshold current at high temperature.

Index Terms—Modeling, quantum-well lasers, semiconductor
lasers, simulation, SPICE, temperature, threshold current.

I. INTRODUCTION

T HRESHOLD current versus temperature is an important
issue which has been widely investigated. The temper-

ature dependence of threshold current has been empirically
described by the well-known exponential Pankove [2] relation
via the use of two parameters and , known as the charac-
teristic temperature and the characteristic current. This relation
is in general agreement with experimental observations and
has been used extensively for its simplicity. However, it is
known that is not strictly constant with temperature [3].
Recently, an alternative, but also empirical three-parameter
formula was proposed by our colleagues based on a very large
set of experimental data they measured in InP lasers [1]:

(1)

where 0.5, which was found to vary little with the cavity
length and strain, is the temperature of infinite threshold
current, and a device-dependent constant. A helpful insight
for comparing the empirical versus relation of (1) to
the also empirical exponential Pankove relation is that when
the exponential and the inverse-power relations are expanded
into Taylor series, the zeroth-, first-, and second-order terms of

are almost identical (for the simplifications 0.5 and
, but the higher order terms of the exponential

function drop off much faster than those of the inverse
power. This explains the commonality in low and medium
temperature, and the difference in the high-temperature regime
between the two functionalities.
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Nevertheless, the all important question of why depends
on in this (or other) way remains largely unanswered. A
more recent and well thought out investigation [4] reported
thoroughly on the sensitivity of fundamental variables (such as
gain and chemical potential) in the laser with temperature and
with each other using both experimental results and a detailed
model. Gain variation was identified as the dominant mecha-
nism determining threshold current variation with temperature.
However, for a given level of gain, even supposing that the
required carrier concentration increased with temperature at
the same rate for two different laser structures, the threshold
current variations with temperature could still be very differ-
ent. The complexity of the problem calls for a self-consistent
treatment of the electro-opto-thermal interactions. Despite the
usefulness and accuracy of the two-dimensional (2-D) self-
consistent numerical model we have available [5], the issue is
better handled by a model that, while sacrificing some detail
and even depth, allows us to explore individually but self-
consistently, the effects of numerous contributing mechanisms
and examine their relative importance.

We present a lumped element model (named OE-Spice),
which builds on the work initiated in our lab a few years
ago [6], for the electro–opto–thermal interactions within a
laser and also for use in optoelectronic integrated circuit
(OEIC) simulations. It is derived from first principle equations
and can model the laser operation from below threshold to
high injection levels. Moreover, it is self-consistent, with
a reasonable CPU time, and does not have to assume the
absence of self-heating or thermal impedance, which are
significant above threshold and even at threshold for high
threshold and high voltage lasers such as those with low
carrier mobility materials (GaInP, GaN, etc.). To our own
surprise and contrary to perhaps popular belief, self-heating
and thermal dissipation rate turned out important at threshold
even for high carrier mobility materials such as GaAs and InP
as it will become evident later. Not to discount 2-D effects
such as lateral spread of current and heat flow, approxima-
tions for these 2-D effects developed in the literature are
drawn from for use in the lumped element model. For easy
adoption by future users, the model is implemented in Spice-
compatible format by introducing equivalent optical, electrical
and thermal subcircuits. Unlike previous Spice-based and
similar one-dimensional (1-D) models, we include, in addition
to self-heating, almost all known important mechanisms that
contribute to the -dependence of These include the
optical losses (material losses, free carrier/intervalence band
absorption in the active region and cladding layers), mirror
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losses, radiative (stimulated and spontaneous) and nonradiative
(Auger, SRH) recombination with temperature and bandgap
dependent coefficients, drift and diffusion leakage current,
lateral current spreading, self-heating, and bandgap shrink-
age with temperature and carrier concentration. Most of the
material parameters are pre-calculated using a collection of
equations and fits from the literature [7]–[9]. Only a few device
structure dependent parameters are adjustable but will too be
fixed after the calibration run. Given the abundance of data
already in the literature, we will not be tempted to present
yet more experimental measurements of that we have.
Instead, we will try to evaluate the relative importance of the
related mechanisms and their dependencies on temperature,
and thereby gain insights to the functional dependence of the
overall current on temperature.

II. THE MODEL

Our model, derived from the integral form of first principle
equations of drift-diffusion, thermal conduction, and photon
rate, is expressed as equivalent optical, electrical and thermal
circuits. The optical circuit’s equivalent voltage is the optical
power from the output facet. For the symmetric case of equal
reflectivities,

(2a)

where is the group velocity is the cavity length,
is the effective mode volume in which is the average

photon density, is the energy per photon, and
is the transmission probability through the output facet. Note
that , where is the cross section
of the active region perpendicular to the longitudinal axis and

is the confinement factor. This is the reduction of a more
general expression which solves the boundary conditions at the
two facets [10]. The above expression is modified in the model
for the more general case of unequal mirror reflectivities [10]:

(2b)

where is the reflectivity of the output facet. The symmetric
case will be assumed for simplicity in the following equations.

Rearranging the terms of (2a),

(3)

The rate equation for the photon densitybegins as

(4)

where is the fraction of spontaneous emission going into the
lasing mode, is the spontaneous emission rate (cms ),

is the material gain ( cm ), is the gain compression
factor and is the loss (cm ). should be chosen
carefully so as to distinguish itself from self-heating and free-
carrier absorption effects [13]. From (3) and the gain term in
the time derivative of photon density in (4), the expression for
the stimulated radiative current in terms of the output power is

(5)

where is the electronic charge, and has been added to the
last term for consistent units. Also, the spontaneous radiative
current is

(6a)

where

(6b)

where is the electron concentration in the active region (in
cm ), and is the bimolecular recombination coefficient
which is inversely proportional to and decreases with,
following the treatment by Grinberg [11]. The functionality
of (6b) matches excellently with calculated spontaneous life-
times reported in Menzelet al. [12] Expressing the optical
power from the output facet in terms of the spontaneous and
stimulated radiative currents, substituting (3), (5), and (6) into
(4) yields the desired optical equivalent circuit equation, upon
rearrangement of terms in (7) found at the bottom of the
page where are the internal losses, - is the free carrier
absorption cross section in the QW,- is the free-carrier

(7a)

- -

(7b)

(7c)
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Fig. 2. Calculated carrier concentrations of the first two conduction band(n1
andn2) and valence band(p1 andp2) sub-levels of a 0.1-nm GaAs–AlGaAs
QW at 300 K, as a function of quasi-Fermi level difference.

where is the asymptotic solution to (8) for
is for

and are weighting functions, and and
are correction constants empirically refined beforehand by
successive comparisons of and the actual so-
lutions. Although only the first conduction sub-band and
first two valence heavy-hole sub-bands are considered in this
calculation, this is justifiable in light of the populations of
the bands involved. To illustrate the relative importance of
the various sub-bands, the calculated populations of the first
two conduction band and heavy hole sub-bands in GaAs are
shown in Fig. 2. It is indeed seen that over the voltage range
near threshold (1.4 V) the second conduction sub-band of
the QW has a much lower population compared to the first
conduction sub-band and first two valence sub-bands.

The electrical equivalent sub-circuit is shown in Fig. 1(b).
All of the current sources depend on carrier concentration,
which in turn depend on the quasifermi levels, which are the
solution to (9). The radiative recombination currents are from
(5) and (6). The nonradiative recombination paths considered
are the SRH and Auger recombinations, whose combined
currents are expressed by

(11)

The dominant Auger recombination processes are dependent
on the material. Where band to band Auger processes are
dominant, which is the case in InGaAsP [19], the coefficient

in the QW varies as

(12)

where is the effective mass pre-factor relating the threshold
energy for the process to the bandgap,is either zero or
the split-off energy, depending on the Auger process [19],
[20]. Such relations are used to assess the effects of both
composition variations and temperature changes on the Auger
coefficient.

The drift and diffusion leakage current is calculated via
the approach in Chinnet al. [21], where the solution to the
minority carrier diffusion equation in an electric field, given
the boundary conditions of carrier density at the cladding layer
edge and at the ohmic contact, resulted in the formula

(13)

Here is the area of carrier flow into the cladding region,
is the cladding layer thickness, is the temperature

dependent diffusion constant, is the number of electrons at
the p-cladding layer edge, is the diffusion length, and

where is the conductivity, and is the total current density
through the p-cladding layer. For an AlGa As cladding
layer, is calculated as the sum of the concentrations in
the and bands, using bandgap and density of states
effective mass data [7], [22]. The barrier heights relative to the
conduction band edge in the well are approximated to be the
sum of the conduction band discontinuities between the well
and barrier, and barrier and cladding layer, which in this sim-
ulation are constant although more rigorous treatments exist
[23]. Another approximation is that hole leakage is ignored
due to the low-hole mobilities. Mobilities and diffusivities in
the barrier are assumed to be an average, based on empirical
data for various alloy compositions, and decrease accordingly
with doping and temperature.

Another contributor to the total injected current arises from
the lateral spreading of carriers away from under the ridge.
The formula used to approximate the lateral current spreading
was adopted from Yonezuet al. [24], where the incremental
decrease in the lateral current due to downward flow through
the p-n junction, combined with the lateral voltage drop, are
combined to form a differential equation. The resultant total
spreaded current is expressed as a function of the current
injected into the active region:

(14)

where and are the p-cladding layer thickness,
cavity length and ridge width respectively, is the effective
lateral conductivity under the ridge, and is the total
current going into the active region (the sum of the current
components described above). For a higher degree of accuracy,
there are more detailed studies of lateral current confinement
in ridge structures [25], [26], but (14) was found to give
a reasonable assessment of injection efficiency compared to
independent calculations [27] given a proper value of.

Self-heating in an individual laser is accounted for with the
lumped element equivalent subcircuit for the thermal system,
based on the heat flow equation [6], which in integral form
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Fig. 4. Calculated (a) Auger and (b) spontaneous recombination coefficients
used in the simulation for the InGaAsP QW laser at laser threshold versus
heat sink temperatures temperature.

Fig. 5. Optical output power versus threshold current density simulating the
800-�m-long R1-400 InGaAsP laser at heat sink temperatures ranging from
�50 �C to 90 �C.

the experiments of Evanset al., and results in a reasonable
value of injection efficiency [27]. The spontaneous emission
coupling coefficient was 1 10 . The gain compression
coefficient used was 3 10 cm .

The simulated – characteristics for different temperatures
of the unstrained InGaAsP three 6.4-nm QW lasers is shown
in Fig. 5. The inset Fig. 6 is a set of– curves for different
cavity lengths whose threshold values are shown in the figure
itself, which is in very good quantitative agreement with [1].
The ridge width in all of the lasers is 2m. To verify that
this model reproduces qualitatively, the other aspects of the
experimental results of Evanset al. [1], a plot of
versus , for two considerably different cavity lengths, is
shown Fig. 7. As experimentally observed by Evanset al. [1],
the set of points for two different cavity lengths lie on the same
curve. Fig. 8 shows the versus sink temperature relation
for cavity lengths of 500 and 800m. Our best fits of (1) to
those curves indicated that 0.38 and 0.42 for 800

m and 500 m, respectively, compared to experimental
0.5. Obtaining Pankove’s characteristic temperature

Fig. 6. Inset: simulatedL–J curves at 20�C for cavity lengths from 500�m
to 1500�m. Foreground: calculated threshold current density versus cavity
length at 20�C.

Fig. 7. (@Jth=@T )�1 versus Jth calculated for both the 800-�m and
500-�m-long InGaAsP lasers.

from the gradient of the computed – curves is shown
in Fig. 9. As found in [1], the curves are fairly parallel for
different cavity lengths, due to the fact thatis the same.

The advantage of this self-consistent lumped element circuit
approach includes the ability to separately follow the behavior
of each individual effect. Playing a key role in each of these
individual effects, however, is the carrier concentration at
the threshold gain (even if it too is a variable) for a given
temperature. This relation was found to be approximately
linear with temperature for both the GaAs and InGaAsP QW
lasers simulated.

The various current components of the 800-m QW laser
at threshold are plotted in Fig. 10 (excluding SRH recombi-
nation which was found to be relatively small). Although the
noncaptured current component is displayed, it is a fraction
of the total captured current and will not be considered in
the actual comparisons albeit it is an important issue in itself.
From about 0 C to 30 C the leakage, Auger recombination
and spontaneous recombination components are of the same
order of magnitude, in the sense that one is not larger than
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Fig. 8. Threshold current density versus heat sink temperature: the simula-
tion and its fits to (1) for cavity lengths of 500- and 800-�m InGaAsP QW
lasers.

Fig. 9. Characteristic temperatureT0 versus heat sink temperature derived
from the simulations for the 500- and 800-�m-long lasers.

the sum of the other two. Spontaneous threshold current,
while in this temperature range is one of the significant
contributors, has the slowest gradient with temperature, and
at below 0 C is clearly the dominant threshold current
component. This is consistent with the observed near linear

– dependence in experiments in that temperature range.
The slow increase of threshold spontaneous recombination
current with temperature (at a rate less than is attributed
to the decrease of the spontaneous recombination coefficient
with both increasing temperature and carrier concentration, as
in (6b) and Fig. 4. Likewise, the Auger coefficient of (12) and
Fig. 4 increases superlinearly with temperature resulting in the
increasing importance of Auger recombination over sponta-
neous recombination current with increasing temperature. In
addition, the Auger recombination current has a cubic rather
than quadratic dependence on carrier concentration. Finally,
it is seen that over barrier leakage is the most prominent
threshold current component at high temperature (above 30
C). This latter conclusion is qualitatively identical to that

reached by Bernussiet al. [30] for typical strained InGaAsP

Fig. 10. Threshold current components versus temperature of the
800-�m-long InGaAsP laser. Included is the Auger recombination current,
spontaneous recombination current, over-barrier spillage (leakage) current
and laterally spreaded (noncaptured) current.

QW lasers. The consequence is that for high temperatures the
temperature sensitivity would depend heavily on the cladding
layer properties. A higher energy gap of the cladding material
should reduce the term of (13), but would also decrease the
mobility and hence increase the resistance, power dissipated,
and heating, which as will be seen can have a critical effect
on the temperature dependence of threshold current. The
confinement factor would also be a variable in this case. It
should be possible to minimize the over-barrier leakage by
careful quantitative optimization procedure.

The values of obtained from these results deviate
somewhat from the experimental results [1]. Our simulations
indicated that laser operation for the particular 500-m laser
became impossible at 80 C, while the experimentally ex-
trapolated result for is 105 C [1]. However, as offered
in [1], the – characteristic, including the value of,
is highly dependent on thermal resistance and in addition,
ohmic resistance is of almost equal importance due to Joule
heating. It could very well be that the effective thermal and/or
ohmic resistance was overestimated on our part (for one
thing, we opted not to take into account the effect of doping
on the thermal conductivity of the various layers and the
contribution of the spreaded current component to the overall
Joule heating was perhaps overestimated). We suggest that
the physical origin of in the newly proposed empirical
relation (1) is the temperature beyond which, at some point
prior to reaching the threshold gain, attempting to increase
the carrier concentration results in such an increase in self
heating that in fact the gain is lowered rather than increased
with increased carrier concentration. This process is illustrated
in Fig. 11 in the case of a laser at high temperature which
will never reach threshold. In the case of the 500-m laser
at a sink temperature of 70C, the simulated active region
temperature at threshold, a key factor in determining the
value of , becomes 90 C (for the parameters used in the
simulation), which is a very significant rise in temperature,
and indeed involves the “complex feedback mechanisms”
speculated in [1]. Although this self-heating effect we likely
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Fig. 11. Subthreshold gain versus current-density for a 300-�m-long In-
GaAsP laser operating at 150�C. The maximum in the gain curve indicates
that lasing threshold will never be reached.

over-estimated as explained above, this just means that it
becomes more important at higher temperatures than we
predicted. In fact, upon making corrections in the thermal sub-
circuit with respect to thermal resistance and laterally spreaded
current, the simulated threshold temperature rise at 70C is
indeed only 2 C, but at a sink temperature of 100C, the
at-threshold temperature rise of 7C takes on significance
again. It should be pointed out that an additional effect which
could result in a similar positive feedback situation with
respect to increasing the threshold carrier concentration, is
free-carrier absorption in the inner barriers [31], which was not
presently explored with this model due to lack of reasonably
precise knowledge of this effect in the literature (but could
be incorporated into the model the same way as free carrier
absorption in the cladding layer, given the quasi-Fermi levels
and barrier heights). However, as seen in papers such as [4]
and [13] it is a significant effect. We are not presently sure
if this effect would result in the relation of equation (1) as
does the self-heating effect. Other mechanisms, included in
the simulation, such as the increase of Auger coefficient and
thermal resistance with temperature also come into play to
compound these effects. On the basis of the model presented
here, improvements and additions, informed by the recent
findings such as [4] can be pursued.

IV. SUMMARY

The simulation results using the lumped-element model
of QW semiconductor lasers were in good agreement with
published experimental results, for GaAs and InGaAsP based
lasers and with the empirical threshold current versus temper-
ature functionalities of Pankove and Evanset al. The various
contributors to these relations, once combined in the self-
consistent simulation, were individually accessed for their
overall relative importance in different temperature ranges. In
the case of the GaAs laser, it is confirmed that spontaneous
emission component is the dominant factor of threshold current
from low (below room temperature) up to high temperature
ranges (over 400 K). In the case of InGaAsP, there is no

one clear dominant loss mechanism at temperatures around
0 C–30 C as the competing effects of spontaneous re-

combination, Auger recombination, and leakage current are
on an approximately equal basis, but the rate of change of
spontaneous recombination current with temperature is the
slowest. At higher temperatures, leakage current becomes the
primary current component. It is clear that for high power
and high temperature operations, measures in laser design
must be devised to suppress the over barrier leakage but
without suffering excessive additional heating and degradation
to mode quality. Regardless of the loss mechanisms of carriers
in the active region, injection efficiency and its variation with
temperature is a significant factor. For CW operation, self-
heating effects become significant for threshold current at high
temperatures, and should self-consistently be included in the
laser model.
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